His main mathematical works date back to this Leningrad period of his life. The first papers, which made him well known, were concerned with the descriptive theory of functions and sets and related to the so-called Young classification, in which the class of continuous functions is regarded as the lowest level, and higher levels are obtained by alternating transitions to the limit over increasing and decreasing sequences of functions. Young's classification is more detailed than Baire's. Kantorovich proved in 1929 that functions in the Young class (α+1) can be represented as upper and lower limits of functions in the Baire class (α). He also constructed universal functions for Young classes: recall that a function of two variables is said to be universal for some class if all the single-variable functions in this class can be obtained by specifying one variable of the universal function. Kantorovich's universal functions belong to the same classes as the functions representable by them. For the Baire classes Kantorovich showed that there can be no such universal functions. He also obtained fundamental results in the theory of A-sets and projective sets, mostly in papers written in conjunction with E. M. Livenson (a remarkable mathematician now almost forgotten, who was killed by the Nazis in Pavlovsk, where he lived with his father). In this cycle of papers they developed a general theory of analytic operations on sets and, in particular, the theory of Hausdorff-Kolmogorov δs-operations. For example, one of the δs-operations is the A-operation, whose application to closed sets produces A-sets. They established theorems on the dependence of the descriptive properties of the result of an operation on the class of sets from which E 1 , E 2 , . . . are taken and also the dependence on the descriptive properties of a set N regarded as a set of irrational numbers. Also, they found an analytic representation for all the projective classes for the first time. These papers caused a sensation in Luzin's Moscow mathematical school, where they became a focus of attention for A. N. Kolmogorov, P. S. Novikov, P. S. Alexandroff, and others. Kantorovich was eagerly accepted by the mathematical elite of the time, and this was very significant for his further work.
In assessing Kantorovich's contributions, N. N. Luzin, the leader of the Moscow school in descriptive set theory, wrote in a letter to him on 29 April 1934: "You should know about my perception of you. I don't know you personally yet, although I can guess you must have a mild and engaging character. But what I know for certain is your inner strength, which, as my habit of unravelling characters tells me, opens unlimited prospects for you in research. I'm not going to use the exact name for it -what for? -but 'talent' is too weak a word. You are entitled to more than this. . . ."
The 'Leningrad' functional analysis, whose pioneers were Smirnov and Fichtenholz, and whose main engine was Kantorovich, had its own features: the influence of mathematical physics (Sobolev), complex analysis (Smirnov), the theory of functions (Fichtenholz, Natanson, S. M. Lozinskii) was stronger there than, for instance, in Moscow or Ukraine, where operator theory, spectral theory, multiplicative functional analysis, representation theory, and Banach space geometry were more popular. Already before World War II Kantorovich founded a particular 'Leningrad' direction of research: functional analysis in semi-ordered spaces. In 1935 he defined K-spaces, vector lattices such that every non-empty order-bounded subset has an infimum and a supremum. Kantorovich foresaw that elements in such spaces were similar to numbers of some sort, and operators with values in such spaces could be studied as ordinary functionals. These views are now called the 'Kantorovich heuristic principle'.
Apart from applications to functional analysis proper, Kantorovich spaces turned out to be connected, in particular, with one of the brightest points in 20th century mathematics, the famous continuum hypothesis. After the fundamental works of Gödel, who proved in 1939 the consistency of the continuum hypothesis, and Cohen, who showed its independence in 1963, Cohen's forcing method was simplified in 1965 using the Boolean algebra machinery and new techniques of mathematical modelling based on non-standard models of set theory. The progress made in Boolean-valued analysis on this basis revealed the fundamental importance of extended K-spaces. It was a surprising discovery that each of these spaces can serve as a full-fledged model of the real line, and therefore plays the same fundamental role in mathematics. Thus, Kantorovich spaces gave us new models of the real number field.
"A plywood panel, I'm in fantastic mood: Great things have started from a sheet of wood". These rhymes on a plywood sheet presented to Kantorovich when he was awarded the Nobel Prize served as a reminder of a seemingly routine event in the spring of 1938 which prompted him to turn in the direction of economics. "One day several engineers from a Plywood Trust laboratory asked for my advice in a quite clearly stated problem. Veneer peeling machines had varying productivity when processing different kinds of wood. As a result, the overall productivity of this group of machines depended on a seemingly random decision to send one or another kind of wood to one or another log peeling machine. Is there a rational approach to management in such circumstances?" That Kantorovich was the person who came across this problem happened by a lucky chance, but to a greater extent this was a logical development. The point is not only that he, with his unique characteristic intuition, could discern here a new theory which led to a revolution in mathematical economics. It is also of importance that, with his deep understanding of the contemporary functional analysis, he grasped (almost simultaneously with von Neumann in the USA) that this was about the application of basic ideas in functional analysis, and in particular the duality principle, which puts the whole of convex analysis, the linear programming theory developed by him, and thus also a significant part of economics on a firm foundation. Most experts believe this to be the most striking of Kantorovich's achievements. It is a brilliant example of the deep influence of mathematics on other scientific disciplines, and in particular on the economic activities of our modern society. In 1939 the now classical pamphlet "Mathematical methods for management and planning in manufacturing" was published, marking the birth of a new area of mathematics and its applications: linear programming.
With time, the theoretical and practical work in mathematical economics became more important for Kantorovich, but we should also say something about his contributions in a number of other fields.
In a series of papers in the late 1940s he stated and developed a thesis on the interrelations between functional analysis and applied mathematics, in which he singled out several techniques: the method of majorants, which goes back to Cauchy, the method of finite-dimensional approximations, the generalized Newton method in Banach spaces, and the extended Lagrange method for conditional optimization problems, which arise in particular in economics. In 1948 Kantorovich was awarded the Stalin prize for this cycle of papers. We should say that approximation methods in analysis and numerical mathematics were always in the spectrum of interests of researchers from the Leningrad school. In particular, Kantorovich is the author of several monographs on the subject, one of which, written together with V. I. Krylov, was especially popular at that time. The internationally renowned book Functional analysis was the crown of his many years of work in functional analysis. This book, written in conjunction with one of his closest students, Gleb Pavlovich Akilov , has gone through four editions and has been translated into several languages.
Kantorovich can certainly be regarded as a teacher of all the experts in functional analysis who studied in Leningrad in the 1930s-50s. His pedagogical activities were very extensive: apart from the university he taught at several institutes of higher learning in Leningrad, including the Higher Military Engineering and Technical School from its founding in 1939. Together with his family he stayed in Leningrad during the most terrible winter of the Nazi siege in 1941-1942. They were evacuated in 1942 along with the military school.
In 1948, in the top secret decree no. 1990-774cc/op, the Soviet Government ordered "the organization within two weeks time of a computational group of up to fifteen persons at the Leningrad Branch of the Mathematical Institute of the Academy of Sciences, under the supervision of Professor Kantorovich." This is how Kantorovich became an active participant of the Soviet Atomic Project. His work in this area is known to have been highly valued. His earlier contacts (in 1943) with L. A. Lyusternik's Moscow group, who were designing the first computers, aroused Kantorovich's interest in machine calculations and programming. In this domain he was the author of important ideas and patents and created an area of research which was continued by his students after him. Due to his efforts, the education of specialists in numerical computations was begun in the Faculty of Mathematics and Mechanics at Leningrad State University, and a laboratory at the Leningrad/St. Petersburg Branch of the Steklov Mathematical Institute was organized.
The main content of the 1939 pamphlet involved applications of the method of 'resolving multipliers', which was actually a version of the simplex method, in the later terminology. It is amazing how quick Kantorovich was in finding a large series of not very similar problems with roots in economics which fit in the general scheme of linear programming. The most interesting and deepest of these was the transportation problem discussed in a classical note published only in 1942 (in the Doklady of the Academy of Sciences): in it the Kantorovich metric was introduced, a fundamental notion which was rediscovered several times after that and which laid the groundwork for the nowadays topical area called optimal transportation theory or the Monge-Kantorovich problem. 1 In the same note he presented a version of the method of resolving multipliers for the transportation problem, the method of potentials, which subsequently led to the notion of the Kantorovich-Rubinstein norm, the theory of Lipschitz metrics, and various generalizations.
The term 'linear programming' was proposed later (in 1951) by the American economist Tjalling C. Koopmans. In the USA linear programming emerged only in 1947, in papers by George Dantzig, first as essentially a computational method. For obvious reasons, Kantorovich's pamphlet and his subsequent papers in this direction became known in the West only much later, but eventually (in large part due to Koopmans) his unquestioned priority was acknowledged by everyone. From a purely mathematical standpoint, linear programming, viewed as a technique for finding the maximum of a linear functional on the set of positive solutions of a system of linear inequalities, is just an application of duality theory in linear algebra and the theory of linear inequalities. From the geometric point of view, this is the theory of convex polytopes. However, this was not immediately understood, as Dantzig frankly admitted in his recollections. For Kantorovich the discovery of these methods was a direct consequence of his deep understanding of the relations of such questions, including infinite-dimensional problems, to functional analysis. His studies in linear programming rank with von Neumann's results on game theory as a machinery for the analysis of economic behaviour. These investigations of the two classical scholars of functional analysis occupy an exceptional position in science. This synthesis of mathematics and economics was a breakthrough in the development of the science of economics and helped to overcome fundamental differences between the cognitive styles of the exact sciences and the humanities. It is an illustration of the thesis that modern mathematics presents unlimited opportunities for the economic analysis of practical problems. Kantorovich (along with quite a few economists) could see serious economic consequences of the mathematical formulation of problems and the interpretation of dual variables ('resolving multipliers') as 'objectively determined valuations' (a later term), that is, as prices of the resources.
In the 1940s almost no publications of Kantorovich's papers on economics could be found on the surface of the scientific information flow. However, problems in economics were in the foreground of his work. Already during the war he finished the first version of his book Economic computation of the best allocation of resources. This book was ahead of its time, but moreover -a fact Kantorovich was perhaps not sufficiently aware of -it was inconsistent with the dogmas of the official political economy then dominant in the USSR. The discussions of the monograph at higher bureaucratic levels reduced to accusations that he was revising Marxism and promoting 'bourgeois' economic theories. Kantorovich was on the brink of being ostracized. Only many years later were documents revealed showing how serious the accusations of high-level bureaucrats overseeing science and ideology had actually been. Kantorovich had to make constant excuses that he was not revising Marxism but merely developing economic theory.
The book was written in the early 1940s but was allowed to be published, after longtime efforts and poignant discussions, only in 1959, when the atmosphere in the country changed. Kantorovich's pioneering ideas were legalized, and their use, although only partial at first, was begun in economic practice, the strong obscurantist resistance notwithstanding. We can only guess how great the losses for science and practice actually were as a result of such treatment of Kantorovich's work from the 'Marxist-Leninist' standpoint as understood by officially accepted economics gurus. Even in the relatively liberal 1960s, officials tried (unsuccessfully) to coerce Kantorovich to issue a public 'retort' to the rather competent paper "Marx, Kantorovich and Novozhilov: Stoimost' versus Reality" (1961) by the American economist R. W. Campbell, who gave a gloomy picture of the state of the official Soviet economics, which was striving to find something to counterbalance the deep results due to Kantorovich and some others.
Until the mid-1950s there was a silent ban on research in this direction and even on discussions of these topics at mathematical seminars. In addition to economics, it even extended in part to mathematical aspects of the theory. Nevertheless, in the postwar years Kantorovich managed to combine his exceptional activities in many other directions with applied economics research, drawing in V. A. Zalgaller (optimal cutting of materials), M. K. Gavurin (the transportation problem), G. Sh. Rubinstein (the method of resolving multipliers, the Kantorovich-Rubinstein norm), and others. In discussing the first generation of Kantorovich's disciples in these issues, we should also mention A. I. Yudin, who was killed at the front in the war. Among the first successful applications of the ideas of linear and dynamical programming were the joint papers of Kantorovich and Zalgaller on optimal cutting. Their first book was published already in 1951, and its third and last edition appeared in 2012 [18] .
In 1957 Kantorovich resumed his investigations in mathematical economics and launched an extended programme to popularize his ideas. This was a long and difficult path, where successes alternated with failures. On his initiative the Faculty of Economics at Leningrad State University started enrolling students specializing in mathematical economics in 1958 and 1959, and in 1960 the famous 'sixth year' was organized for graduates from this faculty or ones educated in other cities. Some of the future leading economists of our country were there among mathematical economics students. This was a prototype for the organization of education of students in mathematical economics in many universities throughout the country. Somewhat later, the Faculty of Mathematics and Mechanics at Leningrad State University started teaching this speciality to students, and subsequently a separate department was organized for this and some closely related specializations of mathematics students.
Kantorovich was invited in 1957 to work at the newly organized Siberian Branch of the Academy of Sciences. Soon afterwards he was elected a corresponding member of the Academy (in economics), and he moved to Akademgorodok, close to Novosibirsk. His main publications during this period were concerned with economics. In 1964 he was elected a full member of the Academy of Sciences in mathematics, and in 1965, together with V. S. Nemchinov and V. V. Novozhilov, he was awarded the Lenin Prize. In early 1970 he moved from Novosibirsk to Moscow, where he continued his investigations in economics analysis. In 1975 Kantorovich and Koopmans received the Nobel Prize in economics "for their contributions to the theory of optimal allocation of resources".
It should be mentioned that, although Kantorovich went to Moscow with the consent of the authorities, he was hindered from participating in the Moscow mathematical life by clandestine guidelines of certain people in high positions in the Academy. He did not work at the Steklov Institute nor at Moscow State University, was not a member of any dissertation councils on mathematics, nor even -odd as it may seem -a member of the editorial boards of any central mathematical journals. On the other hand, during various periods (even early periods) his ideas in economics were supported not only by a few of the enlightened economists, but also by leading experts in mathematics and other branches of science in our Kantorovich always attracted young people in mathematics and economics, people who developed into the leaders of the next generations.
From 1970 he began taking trips abroad, and they revealed the great respect he enjoyed among researchers throughout the world. For the new generation of Soviet economists his authority was indisputable. He often gave concrete advice about or assessments of various economic undertakings. However, his experience, intuition, and deep and fundamental understanding of problems were not made use of to the proper extent by the Soviet bureaucratic establishment. They did not listen to his opinions, which is of course hardly surprising. Even worse, he died a few years before the time when, in the turmoil of changes, his voice and his opinion were desperately needed, and when his advice would perhaps have been sought and certainly could have saved us from many mistakes. Regrettably, Kantorovich's role is even now not fully understood nor fully appreciated.
He died of cancer on 7 April 1986 and was buried in the Novodevichy Cemetery in Moscow.
The sum total of Kantorovich's great experiment in mathematics and economics is that he approached economics problems having at his disposal the most advanced mathematical tools of the time together with an exceptionally strong mathematical intuition, and he could use them with creativity. This does not mean that all his conclusions, taken literally, will work today, but it definitely shows that a mathematical talent can radically transform the concepts and practice of economics.
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